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Quantum Multiplicative Hypertoric Varieties and Localization
Nicholas Cooney
Abstract
We consider q-deformations of multiplicative hypertoric varieties, where q ∈ K× for K
an algebraically closed field of characteristic 0. We construct an algebra Dq of q-difference
operators as a Heisenberg double in a braided monoidal category. We then focus on the case
where q is specialized to a root of unity. In this setting, we use Dq to construct an Azumaya
algebra on an l-twist of the multiplicative hypertoric variety, before showing that this algebra
splits over the fibers of both the moment and resolution maps. Finally, we sketch a derived
localization theorem for these Azumaya algebras.
Keywords: multiplicative hypertoric variety; q-difference operators; braided tensor category;
Azumaya algebra; localization.
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1 Introduction
This paper is concerned with deformations of multiplicative hypertoric varieties and, in particu-
lar, with the behaviour of these deformations when the deforming parameter is specialized to a
root of unity. We will summarize our main results while simultaneously setting the scene, men-
tioning the literature which provided a point of departure for this work. Details of definitions
that are contained in the main body of the text are omitted here.
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Hypertoric varieties were first introduced in [BD] as Hyperka¨hler quotients of smooth manifolds
with torus actions. They can be described as GIT quotients of the cotangent bundle of affine
n-space T ∗An, with respect to a moment map µ : T ∗An → t∗ induced by the action of the torus T
on T ∗An, and with codomain the dual of the Lie algebra of the torus. Multiplicative hypertoric
varieties, with which we are concerned here, can be defined analogously, but with a moment map
ΦT : T
∗An,◦ → T defined over an open subset of the cotangent bundle, and with codomain the
group itself. Such maps were first defined and studied in [AMM].
In the second section, we discuss some preliminary results and definitions around the classical
additive hypertoric varieties and their multiplicative counterparts. We also introduce the hy-
pertoric enveloping algebra, first defined in [MVdB] and more recently studied in [BLPW]. We
later define sheaves of differential operators on the multiplicative hypertoric variety which give
a derived localization of central reductions of hypertoric enveloping algebras, in the sense of
Beilinson and Bernstein’s work for Lie algebras.
The third section is concerned with describing the key constructions required in later chapters,
in the context of a braided monoidal category. After recalling the salient features of braided
monoidal categories, and the notion of Hopf algebra objects in them, we give a general definition
of a braided Heisenberg double in this context. We then go on to define a q-deformation of the
Weyl algebra DAn of differential operators on affine n-space. We construct such a deformation
as a Heisenberg double of a deformation of the symmetric algebra and its dual, in the tensor
category Repq (T ) of O (T )-comodules, but with a non-trivial braiding defined by the grading
induced from the T -action. We also introduce a deformation of the quantum multiplicative
moment map, Φq,T : O (T ) → Dq. The definition of this deformed map is taken directly from
the work of [Jo], in which the author defines a deformation quantization of multiplicative quiver
varieties. Such quiver varieties where one takes the dimension at each vertex of the quiver to be
1 are examples of the multiplicative hypertoric varieties that we focus on.
We finish by briefly sketching the definition of a category Dq (Mq) of quantum D-modules on
the quantum hypertoric variety which, it is hoped, will lead to a treatment of q-deformations of
multiplicative hypertoric varieties which unifies both the generic and root of unity cases. This
attempt to provide a uniform definition of Dq (Mq) for all q ∈ K× is informed by the papers
[BK1] and [BK2], in which the authors give a definition of both a quantum flag variety, deform-
ing the category of quasi-coherent sheaves on the flag variety, and of quantum D-modules on
the quantum flag variety, deforming the associated D-module category. The definition proceeds
by categorically mimicking the steps involved in forming the GIT quotient that gives the mul-
tiplicative hypertoric variety, utilising the formalism of non-commutative projective schemes in
[AZ].
In section four, and for the rest of the document, we specialize to the case where the parameter
q is an lth root of unity. In this context, the behaviour of our deformed objects is radically
different. This stems from the fact that the algebra of q-differential operators Dq acquires a large
centre, over which it is a finite dimensional module, and a sheaf over an l-twist of the cotangent
bundle. We show that in this case Dq is generically an Azumaya algebra over its centre. Recall
that an Azumaya algebra on a variety is one which is locally a matrix algebra. We show that this
is the case for Dq. This is a counterpart of the observation in [BMR] that the sheaf of differential
operators over affine n-space is an Azumaya algebra over its centre where the ground field has
positive characteristic.
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Indeed, one of the main motivations for this work is the analogy between geometry and rep-
resentation theory over fields of positive characteristic, and over q-deformations for q a root of
unity. This is most evident in the analogy between results in [BMR] and [BK2] concerning, re-
spectively, Lie algebras and D-modules on the flag variety, and Quantum Groups and Quantum
D-modules on the quantum flag variety. In each case, there is a bounded derived equivalence
between module categories for the relevant global sections algebras, and derived categories of
D-modules.
In section five, we define a family of Azumaya algebras on an l-twist of the multiplicative hyper-
toric variety. The inspiration for this chapter is the paper [BFG], in which a general formalism
is developed for quantum Hamiltonian reduction over fields of positive characteristic, and for
constructing Azumaya algebras in this setting. In keeping with our analogy, we adapt their
construction to define an Azumaya algebra on an l-twist of the multiplicative hypertoric variety
M
(l)
χ,η. We then show that this Azumaya algebra splits on fibers of the group-valued moment map
M
(l)
χ,η → H(l) and the map for which a multiplicative hypertoric variety is a symplectic resolution
of singularities M
(l)
χ,η → Φ
−1
K(l)
(
ηl
)
/K(l). A split Azumaya algebra is one which is globally a ma-
trix algebra and so, by standard Morita theory, this induces an equivalence of abelian categories
of O-modules on the fibers, and modules for the restriction of our Azumaya algebra to those
fibers.
In the final section, we sketch a derived localization theorem in the spirit of Beilinson and
Bernstein obtaining, in the case where M
(l)
χ,η is smooth, a bounded derived equivalence between
sheaves of modules over the Azumaya algebra and modules for a central reduction of a q-deformed
multiplicative version of the hypertoric enveloping algebra. It is hoped that we can extend the
Azumaya splitting of the previous chapter to formal neighbourhoods of the fibers, allowing for an
algebro-geometric description of the representation theory of q-deformed hypertoric enveloping
algebras.
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author would like to express his deepest gratitude to his doctoral supervisor, Kobi Kremnizer, for
his generosity of spirit, mathematical insight, and friendship and, more specifically, for suggesting
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with the principal differences being the construction of Dq as a braided Heisenberg double in
section 3 and an alternative proof of theorem 5.6. This work was supported by an EPSRC
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2 Preliminaries
2.1 Hypertoric Varieties
In this work, we are concerned with quantizing the multiplicative versions of hypertoric varieties,
which are quasi-Hamiltonian spaces arising from group-valued moment maps, first considered in
[AMM]. Let us first recall the more familiar additive hypertoric varieties, which were introduced
in [BD] as Hyperka¨hler quotients of smooth manifolds with torus actions.
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Henceforth, let K be an algebraically closed field of characteristic 0, T ∼= Gnm be an n-torus for
n ∈ Z>0, and K ⊂ T a connected subtorus of rank d ≤ n. Let φ : K →֒ T be an embedding
given by φ (k)i =
∏d
j=1 k
aij for aij ∈ Z, 1 ≤ i ≤ n. The associated transpose map φt : T → K
is given by φt (t)j =
∏n
i=1 t
aji . Let the algebras of functions on T and K be given by O (T ) :=
K
[
z±1 , . . . , z
±
n
]
and O (K) := K
[
u±1 , . . . , u
±
d
]
.
Consider T ∗An with the usual symplectic structure. The T -action on An differentiates to a map
t→ Vect (An), where Vect (X) denotes the algebra of vector fields on an affine algebraic variety
X. We also obtain an induced map k → Vect (An), where k := Lie(K). This map extends
uniquely to a map µD : Sym (k) ∼= U (k) → D (A
n). This map, the quantum moment map for
the action of K on An, is K-equivariant and filtered with respect to the canonical filtrations
on Sym (k) and D (An). The associated graded of this map, µ := gr (µD ) : Sym(k) → OT ∗An ,
dualizes to the (additive) moment map
µ : T ∗An −→ t∗ −→ k∗
which factors through the moment map for the T -action. Let χ ∈ X∗(K) be a character of K
and λ ∈ k∗. We have the following:
Definition 2.1. The (additive) hyptertoric varietyMχ,λ associated to the triple (K,χ, λ) is the
GIT quotient
µ−1 (λ) / χ K := µ
−1 (λ)χ−ss / K
where µ−1 (λ)χ−ss is the χ-semistable locus of µ−1 (λ) with respect to the K-equivariant line
bundle Oµ−1(λ) (χ).
One can show thatMχ,λ ∼= Proj
(⊕
n≥0 O
(
µ−1 (λ)
)χn)
whereFχ
n
denotes the χn-semi-invariant
sections of a K-equivariant line bundle F .
2.2 Torus-valued moment maps
In the paper [AMM], the authors define the notion of a quasi-Hamiltonian G-space for G a
compact Lie group. This is a G-manifold X where the moment map for the action takes values
in the group G itself, as opposed to the dual of g := Lie(G). It is this notion of a group-valued
moment map that we require for G = T , and which we later quantize.
Let (X,ω) be a smooth symplectic variety equipped with a T -action preserving the symplectic
form. Let 〈, 〉 be a positive definite inner product by which we identify t ∼= t∗ and, for ξ ∈ t, let
vξ be the corresponding vector field on X. Let θ ∈ Ω
1(T, t) be the left-invariant Maurer-Cartan
form. Since T is abelian, this is equal to the right-invariant Maurer-Cartan form, which greatly
simplifies the definition of the moment map.
Definition 2.2. A torus-valued moment map is a T -equivariant map Φ : X → T such that
ω (vξ,−) = 〈Φ
∗θ, ξ〉
for all ξ ∈ t.
The corresponding map Φ# : O (T )→ O (X) is called the comoment map. The Maurer-Cartan
form can be written locally as θ =
∑
i t
−1
i di which gives the moment map condition locally as
ω (vξ,−) =
∑
i
dΦi
Φi
ξi
The following two lemmas will be useful throughout this work.
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Lemma 2.3. Let φ : K →֒ T be an embedding of tori and let φt : T → K denote its transpose.
Suppose Φ : X → T is a torus-valued moment map. Then φt ◦ Φ is a torus-valued moment map
for the K-action induced by φ.
Proof. Let θT and θK denote the Maurer-Cartan forms of T and K respectively. Let Lie(φ) :
k → t and Lie(φt) : t → k denote the linear maps on Lie algebras induced by φ : K → T and
φt : T → K. These are also transpose to one another. We use the same notation to denote
the associated maps of 1-forms Lie(φ) : Ω1 (−, k)→ Ω1 (−, t) and Lie(φt) : Ω1 (−, t)→ Ω1 (−, k).
Also, for ζ ∈ k, let vKζ denote the corresponding vector field on X. The result follows from the
computation:
〈
(
φt ◦ Φ
)∗
θK , ζ〉 = 〈Φ
∗ ◦
(
φt
)∗
θK , ζ〉 = 〈Φ
∗ ◦
(
Lie(φt)θT
)
, ζ〉
= 〈Lie(φt) (Φ∗θT ) , ζ〉 = 〈(Φ
∗θT ) ,Lie(φ)(ζ)〉
= ω
(
vTLie(φ)(ζ),−
)
= ω
(
vKζ ,−
)
Lemma 2.4. Suppose Φ : X → T is a torus-valued moment map and that K ⊂ T acts trivially
on X. Then there is an induced action of H := T/K on X and a moment map ΦH : X → H.
Proof. Let h := Lie(H) and let ψ : T → H be the quotient map. There are short exact
sequences of Lie algebras
0 −→ h
Lie(ψt)
−→ t
Lie(φt)
−→ k −→ 0
and groups
1 −→ H
ψt
−→ T
φt
−→ K −→ 1
Given that K acts trivially on X, the map φt ◦ Φ : X → K is constant. Fix some x′ ∈ X and
let t′ = Φ(x′). We have that Φ(x)(t′)−1 ∈ kerφt for all x ∈ X. One can then define a map
ΦH : X → H by x 7→ (ψ
t)−1(Φ(x)(t′)−1). Let Lt : T → T denote left multiplication by t ∈ T .
That ΦH is a moment map can be verified using a similar computation to the previous lemma,
and by noting that Lie(φ) is surjective.
ω
(
vHLie(φ)(ξ),−
)
= ω
(
vTξ ,−
)
= 〈Φ∗θT , ξ〉 = 〈(Φ
∗
H ◦ (ψ
t)∗ ◦ L∗t′θT , ξ〉
= 〈Φ∗H(Lie(ψ
t)(θH)), ξ〉 = 〈Lie(ψ
t)(Φ∗HθH), ξ〉 = 〈Φ
∗
HθH ,Lie(ψ)(ξ)〉
2.3 The Multiplicative Hypertoric Variety
We are now in a position to define the multiplicative hypertoric variety. Define an open subset
T ∗An,◦ ⊂ T ∗An by T ∗An,◦ := {(p,w) |1 + piwi 6= 0} ⊂ T
∗An. This is a symplectic variety
equipped with a T -action induced by the usual scaling action. Locally, one can give a symplectic
form on T ∗An,◦ by
ω =
∑
i
dpi ∧ dwi
(1 + piwi)
We have the following:
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Proposition 2.5. The map ΦT : T
∗An,◦ → T given by ΦT : (p,w) 7→ (1 + piwi)i is a torus-
valued moment map.
Proof. We prove the result for n = 1, proceeding by direct calculation. The general result
follows similarly. Let ξ ∈ t.
ω (vξ,−) =
dp ∧ dw
(1 + pw)
(
ξp
∂
∂p
− ξw
∂
∂w
,−
)
= ξ
wdp+ pdw
1 + pw
= ξ
dΦT
ΦT
= 〈Φ∗T θT , ξ〉
Moreover, from Lemma 2.3 we have
Corollary 2.6. The map ΦK : T
∗An,◦ → K given by
ΦK : (p,w) 7→
(
n∏
i=1
(1 + piwi)
aij
)
j
is a torus-valued moment map.
Definition 2.7. Given a triple (K,χ, η) whereK ⊂ T , χ ∈ X∗(K) and η ∈ K, the multiplicative
hypertoric variety is defined as the GIT quotient
Mχ,η := Φ
−1
K (η) / χ K
As with the additive hypertoric variety, one can show that
Mχ,η ∼= Proj
⊕
n≥0
O
(
Φ−1K (η)
)χn
We have the basic result
Proposition 2.8. Suppose Mχ,η is smooth, then it is a symplectic variety equipped with a torus-
valued moment map ΦH : Mχ,η → H.
Proof. There is an open affine cover of Mχ,η consisting of sets of the form
Us := Spec
(
O(Φ−1K (η))
[
s−1
]K)
where s ∈ O
(
Φ−1K (η)
)χn
for some n ≥ 0. Each of these Us has a symplectic form with Hamilto-
nian T -action, where K acts trivially. Hence, by Lemma 2.4, there is a moment map Us → H for
each Us. Where Us and Ur have non-empty intersection, this is given by Ur ∩ Us = Urs and the
inclusion of Urs into each of Ur and Us is H-equivariant and the restriction of the moment maps
agrees on this intersection. Hence, these glue together to give a moment map ΦH : Mχ,η → H.
2.4 Quantum hamiltonian reduction and hypertoric enveloping algebras
We now briefly discuss the connection between hypertoric Enveloping algebras, first considered
in [MVdB], and the non-commutative algebras we later construct, which quantize the coordinate
rings of certain multiplicative hypertoric varieties, hence summarizing the content of the next few
sections. These algebras are constructed via quantum Hamiltonian reduction of a q-deformation
of the ring of polynomial differential operators on An, with respect to a K-action and at a point
η ∈ K.
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First, we define quantum Hamiltonian reduction more generally. Let H be a Hopf K-algebra
and A an associative K-algebra in H-mod. A K-algebra homomorphism Φ : H → A is called a
quantum moment map for the H-action on A, denoted by ⊲ : H ⊗A→ A, if the following holds
h⊲ a =
∑
(h)
Φ
(
h(1)
)
· a · Φ
(
S
(
h(2)
))
for all h ∈ H and a ∈ A.
Remark 2.9. In the above definition, we have used Sweedler notation, a way of simplifying
expressions involving the coproduct of the Hopf algebra. Let ∆ : H → H ⊗H be the coproduct
and let h ∈ H. There exist elements h
(i)
(1), h
(i)
(2) ∈ H such that
∆ (h) =
∑
i
h
(i)
(1) ⊗ h
(i)
(2)
In Sweedler notation, this is abbreviated to ∆ (h) =
∑
(h) h(1) ⊗ h(2)
Now let I E H be a Hopf ideal. As such, the quotient A/A ·Φ (I) is equipped with an H-module
structure. We have the following standard result:
Lemma 2.10. The multiplication on A descends to an algebra multiplication on the space of
H-invariants (A/A · Φ (I))H .
This algebra is called the quantum Hamiltonian reduction of A with respect to H along I.
The algebras for which we will later discuss localization are related to central reductions of
hypertoric enveloping algebras. The ring of polynomial differential operators on affine n-space,
D (An), is isomorphic to the nth–Weyl algebra An, the K-algebra generated by the elements
{x1, . . . , xn, ∂1, . . . , ∂n} with relations [xi, xj ] = [∂i, ∂j ] = 0 and [∂i, xj ] = δij . This algebra is
equipped with a T -action induced by the T -action on An and is thus graded by the character
lattice X∗ (T ) of T . We have the following algebra, introduced and studied in [MVdB].
Definition 2.11. The hypertoric enveloping algebra associated to K ⊂ T is the algebra U :=
DK (An) of K-invariant polynomial differential operators on An.
The hypertoric enveloping algebra is equipped with a T/K-action and is hence graded by its
character lattice X∗ (T/K). It quantizes the categorical quotient T ∗An / K and its central
quotients quantize additive hypertoric varieties. The algebras U and their quotients have a rich
representation theory, as demonstrated in [BLPW], where a category O, having many properties
analogous to the BGG category O, is considered.
As we have seen, the definition of multiplicative hypertoric varieties requires the passage to a
certain open subset of T ∗An and, as such, any algebra quantizing this would involve localizing
D (An). Unfortunately, the set of operators one would need to invert,
{
(1 + xi∂i)
l |1 ≤ i ≤ n, l ∈ Z>0
}
,
does not form an Ore set in D (An). In order to remedy this, one considers a q-deformation
Dq (An) of D (An) where q ∈ K×, in which the above set does satisfy the Ore condition. The alge-
bra Dq (A
n) is generated by {x1, . . . , xn, ∂1, . . . , ∂n} with relations xixj−qxjxi = ∂i∂j−q∂j∂i = 0
for i < j and ∂ixj − qxj∂i = (q − 1)δij . As we will observe in Section 3.2, the set of operators
we wish to invert is Ore in Dq (A
n) and hence we can form the localization D◦q (A
n). This too
is graded by X∗ (T ) and also filtered by order of differential operators, with associated graded
Oq ((T
∗An)◦), the corresponding localization of the 2n-dimensional quantum plane.
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As such, q-deformations of the algebras quantizing Mχ,η are quantum Hamiltonian reductions
where we take H = O (K), A = D◦q (A
n), I = Iη, the ideal generated by {x− η · 1|x ∈ O (K)},
and Φ = Φq,K , a map related to the comoment map of the K-valued moment map from Proposi-
tion 2.5, which shall be introduced in Section 3.3. That is, Uq,η :=
(
D◦q (A
n) /D◦q (A
n) · Φq,K (Iη)
)K
.
They arise as central quotients of the q-deformed hypertoric enveloping algebra, DKq (A
n), local-
ized to T ∗An,◦. We have the associated graded
gr (Uq,η) ∼= gr
(
D
K
q (A
n)
)◦
/gr
(
D
K
q (A
n)
)◦
· Φq,K (Iη)
∼= Oq ((T
∗An)◦)K /〈(Φq,K (Iη))〉
∼= Oq
(
Φ−1 (η)◦
)K
We note that Uq,η is hence finitely generated as an algebra over K, and that it has a Poisson
structure inherited from the symplectic structure on Mχ,η. As we shall see in the later sections of
this work, where we impose the further restriction that q is a primitive lth root of unity for l > 1
odd, we can say much more: the algebra Uq,η quantizes a twisted version of Mχ,η, by Proposition
5.4; and we can demonstrate a derived equivalence between the categories of finitely generated
modules for Uq,η and of coherent sheaves of modules over an Azumaya algebra, constructed from
Dq (A
n)◦, over the twisted Mχ,η.
3 Dq as a braided Heisenberg double
In this section, we construct the algebra Dq of q-difference operators as a braided Heisenberg
double, a type of smash product algebra, in a braided monoidal category C. We begin by recalling
the formalism of Hopf algebra objects in braided monoidal categories before defining the sheaf
Dq (An) of q-deformed differential operators as a braided Heisenberg double, analogous to the
classical construction of the Weyl algebra D (An) as a Heisenberg double, but in a category with
non-trivial braiding. We finish by describing the q-deformed multiplicative quantum moment
map in this setting, which is central to the constructions of the sheaf of algebras which quantizes
Mχ,η.
3.1 Braided Hopf algebras and Heisenberg doubles
We recall the definition of a Hopf algebra in a braided category, which closely follows the definition
over the category of K-vector spaces. Let (C,⊗, σ) be a braided monoidal category. Given two
algebra objects A and B in C, one can define an algebra structure on A ⊗ B by defining the
multiplication as
mA,B : A⊗B ⊗A⊗B A⊗A⊗B ⊗B A⊗B
id⊗ σB,A ⊗ id mA ⊗mB
Hence, if we have a collection Ai, 1 ≤ i ≤ n, of algebra objects in C, we can inductively define a
multiplication
m⊗iAi :
⊗
iAi ⊗
⊗
iAi
⊗
i (Ai ⊗Ai)
⊗
iAi
⊗mAi
The first map is given by a composition of the morphisms σ, σ−1, the associator α : (Ai ⊗Aj)⊗
Ak → Ai ⊗ (Aj ⊗Ak) and its inverse α
−1 (which we suppress in the notation) such that the
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order of the two copies of each factor Ai is preserved. This composed morphism is unique by the
coherence theorem of Joyal and Street [JS]. We can now define
Definition 3.1. A braided Hopf algebra in C is the data (H,m,∆, η, ǫ, S) where H is an algebra
object in C with multiplication m : H ⊗ H → H, and unit η : 1C → H; a coalgebra with
comultiplication ∆ : H → H ⊗ H and counit ǫ : H → 1C ; and a morphism S : H → H, the
antipode, such that the following diagram commutes:
H X H
H ⊗H H ⊗H
H ⊗H H ⊗H
∆
id⊗ S
m
ǫ η
∆
S ⊗ id
m
Analogous to the anti-homomorphic property of Hopf algebras, we have the following:
Lemma 3.2[Ma1, Lemma 14.4]. The antipode morphism S : H → H of a braided Hopf algebra
satisfies
S ◦m = m ◦ σH,H ◦ (S ⊗ S) ,∆ ◦ S = (S ⊗ S) ◦ σH,H ◦∆
Dual to the definition of multiplication for a collection of algebra objects, one obtains a comul-
tiplication on the tensor product of a collection of coalgebra objects Ai, 1 ≤ i ≤ n in C
∆⊗iAi :
⊗
iAi
⊗
i (Ai ⊗Ai)
⊗
iAi ⊗
⊗
iAi
⊗∆Ai
where the second map is, as before, an unique morphism composed of braidings and associators.
In a similar manner, one obtains a unit and counit of ⊗iAi from those of the factors, and an
antipode, using the properties of the previous lemma. We thus have
Proposition 3.3. Let Ai, 1 ≤ i ≤ n be braided Hopf algebras in C. The tensor product
⊗
iAi
is a braided Hopf algbera in C.
We make the following:
Definition 3.4. Let A and B be Hopf algebra objects in C. We say that there is a Hopf pairing
between A and B if there is an evaluation map 〈−,−〉 : A⊗B → 1C compatible with the Hopf
algebra structures as follows:
1. 〈−,−〉 ◦mA = (〈−,−〉 ⊗ 〈−,−〉) ◦ (id⊗ σA,B ⊗ id) ◦∆B : A⊗A⊗B → 1C
2. 〈−,−〉 ◦mB = (〈−,−〉 ⊗ 〈−,−〉) ◦ (id⊗ σA,B ⊗ id) ◦∆A : A⊗B ⊗B → 1C
3. ǫA = 〈−,−〉 ◦ ηB : A→ 1C , ǫB = 〈−,−〉 ◦ ηA : B → 1C
4. 〈−,−〉 ◦ SA = 〈−,−〉 ◦ SB : A⊗B → 1C
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The existence of such a pairing exhibits A as a left categorical dual of B. Note that, as opposed
to the notion of a braided Hopf pairing given in [Ma1], we braid the middle two factors in 1.)
and 2.), mimicking the convention in the symmetric monoidal case, where Majid first applies the
pairing to the middle two factors, then the outer two. The absence of this transposition from
Majid’s definition results in a correspondence between braided right B-comodule algebras and
braided left Acop-module algebras1 in the category C, that is, C with the opposite braiding (see
[Lau], Chapter 15 of [Ma1] and Section 9.4 of [Ma3]).
Now, suppose thatH andH∗ are dual Hopf algebras in C, with Hopf pairing 〈−,−〉 : H∗×H → 1C
as above. The coproduct ∆ : H → H ⊗ H equips H with a right H-comodule structure.
Mimicking the diagrammatic proof of Proposition 2.7 of [Ta] for finite Hopf algebras we obtain
a left action of H∗ on H, called the left regular action, as follows:
actl : H
∗ ⊗H H∗ ⊗H ⊗H H∗ ⊗H ⊗H H
id⊗∆ σ23 〈−,−〉 ⊗ id
The left regular action of H∗ on H, together with the action of H on itself via left multiplication,
leads to the following general definition:
Definition 3.5. Let H be a dualizable Hopf algebra in C and let H ′ be a sub-Hopf algebra of
its dual. The braided Heisenberg double h (H,H ′) := H#H ′ is the smash product algebra with
respect to the left regular action of H ′ on H. That is, h (H,H ′) is the object H ⊗ H ′ in C,
equipped with multiplication
H ⊗H ′ ⊗H ⊗H ′ H ⊗H ′ ⊗H ′ ⊗H ⊗H ′ H ⊗H ′ ⊗H ⊗H ′ ⊗H ′
H ⊗H ⊗H ′ ⊗H ′ H ⊗H ′
∆2 σ34
actl,23 mH ⊗mH′
where ∆2 and actl,23 indicates that these operators are applied to the second, and second and
third, factors respectively, with the identity being applied elsewhere.
Note that if the braiding is symmetric, one recovers the usual Heisenberg double multiplication.
The algebra Dq (An) will be described as such a braided Heisenberg double.
3.2 q-Deformed Differential Operators
Let M = [mij ] be an n × n matrix of indeterminates such that mji = −mij for all i 6= j and
let Q = [qij] be the matrix with entries qij := q
mij for some indeterminate q, which we later
specialize to values in K×. Let Repq (T ) be the category of O (T )-comodules with the following
braiding:
σV,W : V ⊗W →W ⊗ V
v ⊗ w 7→ qdeg(v)·M ·deg(w)
t
w ⊗ v (1)
Note that, for q = 1, we recover the category of O (T )-comodules Rep (T ). Let Λ be the cochar-
acter lattice of T and let ΛK = Λ⊗ZK. Denote by T (ΛK) its tensor algebra. Let Sq (ΛK) be the
algebra
1
A
cop is the Hopf algebra obtained from A by setting ∆Acop := σ
−1∆A.
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T (ΛK) /〈vi ⊗ wj − σ (vi ⊗wj) , i 6= j〉
where v = (v1, . . . , vn) ∈ ΛK.
Remark 3.6. Sq (ΛK) is isomorphic to the quantum plane as an algebra object in VectK. It is
not, however, a σ-commutative algebra object in Repq (T ), as we do not impose the corresponding
relation when i = j and so do not take the q-symmetric algebra as our analogue of S (ΛK) here.
This would require q2ii = 1 which, as we shall see when forming the Heisenberg double, would
give the Heisenberg relation ∂ixi − xi∂i − 1 as opposed to the q-deformed version we require.
Proposition 3.7. Let V = Kx be a one-dimensional vector space. The braided tensor algebra
T (V ) = K〈x〉 is an algbera with coproduct, counit, and antipode given on generators by ∆ : x 7→
1⊗ x+ x⊗ 1, ǫ (x) = 0 and S (x) = −x respectively.
Proof. Consider the diagonal embedding V → V ⊕ V . Apply the tensor algebra functor to
obtain a map T (V ) → T (V ⊕ V ). There is an isomorphism T (V ⊕ V ) ∼= T (V ) ⊗ T (V ) given
on generators by (x, y) 7→ x ⊗ 1 + 1 ⊗ y. By the universal property of the tensor algebra, it is
enough to check the Hopf algebra axioms for elements of V which, by the above, are clear.
Let {x1, . . . , xn} be a basis for ΛK and hence a generating set for Sq (ΛK). By examining the
presentation given for Sq (ΛK) above, one can see that Sq (ΛK) ∼=
⊗n
i=1K〈xi〉 as an algebra object
in Repq (T ). As such, Sq (ΛK) is a braided tensor product of one-dimensional tensor algebras
and so we have:
Corollary 3.8. The algebra Sq (ΛK) is a braided Hopf algebra in Repq (T ).
Let Λ∗K = Λ
∗ ⊗Z K. In a similar manner, we form the algebra Sq (Λ∗K). These algebras are dual
braided Hopf algebras under the pairing induced by the pairing on dual vector spaces and, as
such, we can form their Heisenberg double h (Sq (ΛK) , Sq (Λ
∗
K)). The following algebra is obtained
via direct computation from the multiplication defined in Definition 3.5:
Proposition 3.9. Let {x1, . . . , xn} be a basis for ΛK and generating set for Sq (ΛK) and let
{∂1, . . . , ∂n} be a basis for Λ
∗
K, dual to that for ΛK, and a generating set for Sq (Λ
∗
K). The
Heisenberg double h (Sq (ΛK) , Sq (Λ
∗
K)) is the algebra isomorphic to Sq (ΛK)⊗Sq (Λ
∗
K) as a vector
space, with relations
xi ⊗ xj − qijxj ⊗ xi = 0
∂i ⊗ ∂j − qij∂j ⊗ ∂i = 0
for all i 6= j and
∂i ⊗ xj − q
−1
ij xj ⊗ ∂i − δij = 0
for all 1 ≤ i, j ≤ n.
Where there is no risk of ambiguity, we denote Sq (ΛK) by Sq and Sq (Λ
∗
K) by S
∗
q . Alternatively, we
can describe this algebra as a braided tensor product of copies of Aq = K〈x, ∂〉/ (∂x− qx∂ = 1),
the first q-Weyl algebra. That is,
h
(
Sq, S
∗
q
)
∼=
⊗
1≤i≤n
Aq−1ii
with the braiding between coordinates giving rise to the remaining relations.
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Given a matrix M as above, define a matrix M ′ with coefficients m′ij = mij for i 6= j and
m′ii = −mii for all i, labelling q
′
ij := q
m′ij . In order that our algebra better resembles algebras of
q-difference operators found elsewhere in the literature, we perform the above construction again,
but with reference to M ′. We also rescale the algebra by replacing each xi with xi/ (q
′
ii − 1).
This produces an algebra isomorphic to h
(
Sq, S
∗
q
)
for q 6= 1 and gives the q-Heisenberg relation
∂i ⊗ xj − q
′
ijxj ⊗ ∂i − δij
(
q′ii − 1
)
= 0
This is the algebra we take as our Dq (A
n). The algebras Sq and Dq (A
n) are flat deformations
of the corresponding classical objects, with the same bases of monomials over the coefficient
ring K
[[
(q′ij)1≤i,j≤n
]]
. Henceforth, for ease of notation, we again just write qij in place of q
′
ij.
Straightforward calculations give the following:
Lemma 3.10. For 1 ≤ i ≤ n, let αi := 1 + xi∂i be the Euler operator. The braided algebra
Dq (A
n) satisfies the following identities:
1. ∂ix
n
i = q
n
iix
n
i ∂i + (q
n
ii − 1) x
n−1
i and ∂
n
i xi = q
n
iixi∂
n
i + (q
n
ii − 1) ∂
n−1
i
2. αixj = q
δij
ii xjαi and αi∂j = q
−δij
ii ∂jαi
The q-commutativity of the αi’s means that the set {αi|1 ≤ i ≤ n} satisfies the Ore condition
and we can form the localization D◦q = Dq
[
(
∏
αi)
−1
]
which will appear again in the next section.
3.3 The moment map
Before coming to a description of the categories of interest, it is necessary to discuss what a
moment map is in this braided context, similar to the definition in section 2.4.
Let H be a Hopf algebra in a braided category (C,⊗, σ). We have the following definition,
analogous to that in a symmetric monoidal category:
Definition 3.11. An algebra object (A,mA, ηA) in C is called an H-module algebra if it is
equipped with an H-module structure2 ⊲ : H ⊗A→ A satisfying the following conditions
1. ⊲ ◦ (idH ⊗mA) = mA ◦ (⊲⊗⊲) ◦ σ23 ◦∆H : H ⊗A⊗A→ A
2. ⊲ ◦ ηA = ηA ◦ ǫH : H → A
Let A be such an algebra. A homomorphism Φ : H → A is called a quantum moment map for
this action if, for all h ∈ H and a ∈ A, the action is given by the composition of maps
H ⊗A H ⊗H ⊗A H ⊗A⊗H
H ⊗A⊗H A⊗A⊗A A
∆⊗ id id⊗ σH,A id⊗ id⊗ S
Φ⊗ id⊗ Φ mA ◦ (id⊗mA)
Consider O (T ) as an O (T )-module under the adjoint action, so that all elements have degree
0 and, as such, the adjoint action is trivial. By the relations in the previous lemma, the map
Φq,T : O (T )→ Dq given by Φq,T : zi 7→ 1+ xi∂i is a moment map for the action of O (T ) on Dq,
agreeing with the grading induced by the O (T )-coaction.
2The morphism ⊲ : H ⊗ A→ A equips A with an H-module structure if
⊲ ◦ (mH ⊗ id) = ⊲ ◦ (id⊗⊲) : H ⊗H ⊗A→ A
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The embedding φ : K →֒ T given by φ (k)i =
∏d
j=1 k
aij
j induces a map, the pull-back of the
transpose of φ, φt,∗ : O (K)→ O (T ) given by
uj 7→
n∏
i=1
z
aij
i
where O (K) = K
[
u±1 , . . . , u
±
d
]
. The composition
Φq,K : O (K)
φt,∗
−→ O (T )
Φq,T
−→ Dq
given by
uj 7→
n∏
i=1
(1 + xi∂i)
aij
is a moment map for the corresponding O (K)-coaction. The map Φq,K both deforms and
quantizes the comoment map associated to the torus-valued moment map ΦK : T
∗An,◦ → K
introduced in Corollary 2.6.
Remark 3.12. Using the constructions of the previous sections, it should be possible to define a
category q-deforming the category of D-modules on the multiplicative hypertoric variety for an
arbitrary q ∈ K∗, by categorically mimicking the steps required to construct Mχ,η. That is, we
can define a category Dq (Mq) of quantum D-modules on the quantum multiplicative hypertoric
variety as follows. Let X = T ∗An,◦ with an action of K ⊂ T as before. Let Iη E O (K) be the
ideal generated by the elements {uj − ηj}1≤j≤d for η ∈ K. For χ ∈ X
∗ (K), let O (χ) be the
associated K-equivariant line bundle. We define Dq (Mq) to be the quotient of the category D
of K-equivariant Dq-modules on X annihilated by Φq,K (Iη), by the category of modules M in
the kernel of the functor
Γ :M 7→
∞⊗
−∞
HomD
(
OX ,M ⊗ O (χ)
⊗n)
(see [AZ] where this formalism of noncommutative projective schemes is developed). It is ex-
pected that the category we have just sketched for an arbitrary q ∈ K∗ will, when q is specialized
to an lth root of unity, allow us to recover the category of modules for the Azumaya algebra over
the l-twisted hypertoric variety defined and studied in section 5.
4 Dq at a Root of Unity
We now proceed to the study of Dq in the case where we specialize q to an l
th root of unity.
Here, Dq becomes a sheaf of algebras over an l-twist of the cotangent bundle T
∗An. It attains a
large centre, over which it is a finite dimensional module and, in fact, generically an Azumaya
algebra. After recalling the definition and basic properties of Azumaya algebras, we summarize
the basic structure of Dq for q a root of unity, with the key property being that it is an Azumaya
algebra over an affine open subset of an l-twist of the cotangent bundle on affine n-space.
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4.1 Azumaya algebras
The main reference for the results in this section is [Mi]. Let R be a commutative ring. An
R-algebra A which is finitely generated and projective as an R-module, is called Azumaya if the
map
A⊗R A
opp −→ EndR (A)
is an isomorphism. Azumaya algebras can also be characterised as those which, locally, are
central simple algebras.
Proposition 4.1. Let A be an R-algebra as above. Then A is an Azumaya algebra if, and only
if, A⊗R k (p) is a central simple k (p)-algebra for all closed points p ∈ Spec (R).
Now, let X be a scheme and A be a locally free sheaf of OX algebras finite rank on X. The
sheaf A is Azumaya if the map
A ⊗OX A
opp −→ E ndOX (A )
is an isomorphism. If one now assumes that X is connected and of finite type over an algebraically
closed field, then A is a sheaf of Azumaya algebras precisely when A has constant rank on the
set of closed points and A ⊗OX k (p) is a matrix algebra for any closed point p ∈ X. Finally, we
say that a sheaf of Azumaya algebras is split if it is globally a matrix algebra: that is, if there
exists a vector bundle V on X such that A ∼= E ndOX (V ) on X. If A is a split Azumaya algebra
on X, then A is Morita equivalent to OX . The following technical result will be used later when
we discuss Azumaya splitting on hypertoric varieties:
Lemma 4.2. Let A be an Azumaya algebra on Y and let
X Y
U V
f
s t
g
be a Cartesian square such that f : X → Y is a covering map and f∗A is split on X. Then A
splits when restricted to the fibers of t : Y → V .
Proof. Let v ∈ V such that t−1(v) is non-empty and let y ∈ t−1(v). Since f is a cover, there ex-
ists some x ∈ X such that f(x) = y and, hence, some u ∈ U such that g(u) = v. Since the square
is Cartesian, the restriction of f gives an isomorphism of schemes f ′ := f |s−1(u) : s
−1(u)→ t−1(v).
Since f splits A , there is a vector bundle V on X such that f∗A ∼= E ndOX (V ). Hence, we have
that A |t−1(v) ∼= (f
′)∗(f
′)∗A |t−1(v) ∼= E ndOt−1(v)
(
(f ′)∗V |s−1(u)
)
.
4.2 Dq as an Azumaya algebra
Let l > 1 be an odd integer and let q be a primitive lth root of unity. For X = An, we
define T ∗X(l) ∼= Spec
(
K
[
xl1 . . . , x
l
n, ∂
l
1 . . . , ∂
l
n
])
, the l-twist of the cotangent bundle of X. The
embedding K
[
xl1 . . . , x
l
n, ∂
l
1 . . . , ∂
l
n
]
→֒ K [x1 . . . , xn, ∂1 . . . , ∂n] induces a finite map of K-schemes,
which we denote Frl : T
∗X → T ∗X(l).
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Henceforth, for simplicity, we take a single parameter deformation of the Weyl algebra: that is,
with previous notation, mij = 1 for all 1 ≤ i, j ≤ n. For q a primitive l
th root of unity, Dq
contains as a central subalgebra its l-centre Zl (Dq) = K
[
xl1 . . . , x
l
n, ∂
l
1 . . . , ∂
l
n
]
. The algebra Dq
is a free module of rank l2n over Zl (Dq), with a basis given by{
xri∂
s
j |1 ≤ i, j ≤ n, 0 ≤ r, s ≤ l − 1
}
We have, moreover
Lemma 4.3. The centre Z (Dq) of Dq is given by Zl (Dq).
Proof. We demonstrate the result for n = 1, from which the general case straightforwardly
follows. Clearly, Zl (Dq) ⊂ Z (Dq). Let z =
∑
m,n cm,nx
m∂n ∈ Z (Dq). Given that ∂z = z∂ and
xz = zx, one can determine that
cm,n (1− q
m) = (−1)i cm+i,n+i
(
1− qm+i
)
and
cm,n (1− q
n) = (−1)i cm+i,n+i
(
1− qn+i
)
for i ≥ 0. From this, one can see immediately that cm,n = 0 when l ∤ m,n.
Set ∆ =
∏n
i=1 αi.
Lemma 4.4. We have ∆l =
∏n
i=1 1 + x
l
i∂
l
i.
Proof. Again, it suffices to demonstrate the result for n = 1, where ∆ = α = 1 + x∂. Since α
conjugates elements by a root of unity, αl ∈ Z (Dq) = Zl (Dq) and we have α
l = a+ bxl + c∂l +
dxl∂l. One can readily see that a = 1. Since Zl (Dq) ⊂ k [xi, ∂i] is a graded subalgebra with
deg (∆) = 0, we have that deg
(
∆l
)
= 0 and so b = c = 0. We claim that for l odd, d = ql(l−1)/2.
Proceeding by induction, the statement is true for l = 1. Suppose it is true for some odd l > 1.
Then
ql(l−1)/2xl∂lx∂x∂ = ql(l−1)/2xl
(
qlx∂l +
(
ql − 1
)
∂l−1
)
∂x∂
= ql+l(l−1)/2xl+1∂l+1x∂ + ql(l−1)/2
(
ql − 1
)
xl∂lx∂
= ql+l(l−1)/2xl+1
(
ql+1x∂l+1 +
(
ql+1 − 1
)
∂l
)
∂ + . . .
= q2l+1+l(l−1)/2xl+2∂l+2 + . . .
= q(l+2)(l+1)/2xl+2∂l+2 + . . .
thus establishing the claim. For l > 1 odd and q a primitive lth root of unity, ql(l−1)/2 = 1 and
so we are done.
We have the following ([Ba], Proposition 2.3)
Theorem 4.5. The Azumaya locus of Dq is U∆l ⊂ Spec (Zl (Dq)) where
U∆l =
{
m ∈ MaxSpec (Zl (Dq)) |∆
l /∈ m
}
In order to prove this theorem, we first demonstrate it for Dq where n = 1, and then show that
the result holds for a braided tensor product of finitely many copies of it. We sketch the proof
for n = 1 from [Ba], where the braiding is trivial.
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Proof. Let n = 1 and let ζ = (a, ω) ∈ Spec (Zl). Suppose there is an isomorphism φ : Dq,ζ
∼
→
Ml (K) and let X := φ(x) and Y := φ(∂). Suppose first that a 6= 0. Since X
l = a we have that
X = diag (λ1, . . . , λl) where λ
l
i = a. Since the elements I,X, . . . ,X
l−1 are linearly independent,
we have λi 6= λj for i 6= j. After permuting the basis elements, we have λi = λ · q
i. The equation
XY − qY X = q − 1 gives
Y =

−1/λ0 0 0 · · · b0,l−1
b1,0 −1/λ1 0 · · · 0
0 b2,1 −1/λ2 · · · 0
...
...
...
. . .
...
0 0 · · · bl−1,l−2 −1/λl−1

for some bij ∈ K. One then checks that Kl is an irreducible Dq,ζ-module if and only if each
bij 6= 0. Given that Y
l = ω, each bij 6= 0 if, and only if, 1 + aω 6= 0. One proves the ω 6= 0 case
similarly.
It remains to prove the a = ω = 0 case. Here, we have that K [x] /
(
xl
)
is an irreducible Dq,ζ-
module and we are done.
Since matrix algebras are semi-simple, one would expect that any q-deformations of these algebras
would be isomorphic to the non-deformed algebra. The following technical lemma is a version of
that proved in Proposition 2.27 of [Ga].
Lemma 4.6. Let (C,⊗, σ) be a braided tensor category over a braided commutative k-algebra R,
where the braiding is determined by the grading as in equation 1. A tensor product of matrix
algebras in C is a matrix algebra, isomorphic to the tensor product of matrix algebras with trivial
braiding.
As such, to demonstrate that a given algebra is Azumaya in the braided setting, it suffices to
show that it is Azumaya in the non-deformed setting, as shown above.
Since ∆l ∈ Zl (Dq), we can form the localization Zl,∆l and obtain
D
◦
q := Dq ⊗Zl Zl,∆l
Note that Spec
(
Zl,∆l
)
∼= T ∗An,(l),◦. Finally, from the above calculations, we have
Corollary 4.7. The algebra D◦q is Azumaya over its centre Zl,∆l.
5 An Azumaya algebra quantizing the Multiplicative Hypertoric
Variety
In the paper [BFG], a formalism for quantum Hamiltonian reduction over fields of positive
characteristic is developed and used to construct Azumaya algebras on a Frobenius twist of the
Hilbert scheme of points in the plane. Here, we adopt this formalism in our setting to construct
an Azumaya algebra A χq,η on an l-twist of the hypertoric variety, M
(l)
χ,λ, as a quantum Hamiltonian
reduction of Dq. We then show that this algebra splits on the fibers of the resolution map
Ψ : M(l)χ,η −→ Φ
−1
K(l)
(
ηl
)
/K(l)
and of the moment map
ΦH(l) : M
(l)
χ,η −→ H
(l)
We begin by introducing an l-twisted version of the hypertoric variety.
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5.1 The l-twisted multiplicative Hypertoric variety
Where q is a primitive lth root of unity, we have seen that D◦q is a sheaf of Azumaya algebras on
T ∗An,(l),◦. From this, we can construct Azumaya algebras on M
(l)
χ,η, an l-twisted version of the
classical multiplicative hypertoric variety. We first recall its definition.
Recall the quantum moment map Φq,K : O (K)→ D
◦
q in Repq (K),
Φq,K : O (K)
φt,∗
−→ O (T )
Φq,T
−→ D◦q
uj 7→
n∏
i=1
(1 + xi∂i)
aij
corresponding to an embedding φ : K →֒ T given by φ (k)i =
∏d
j=1 k
aij
j . From Lemma 4.3 we
can define the associated l-twisted moment map
Φ
(l)
q,K : O
(
K(l)
)
−→ Zl,∆l
by
ulj 7→
n∏
i=1
(
1 + xli∂
l
i
)aij
This corresponds to a morphism of varieties (T ∗An)(l),◦ → K(l) and we have the following
commutative diagram
O
(
K(l)
)
Zl,∆l
O (K) O
(T ∗An)(l),◦,q
(
(T ∗An)(l),◦
)
Φ
(l)
q,K
gr(Φq,K)
We can now give the following
Definition 5.1. Let K ⊂ T be a connected subtorus of T , χ ∈ X∗ (K) and η ∈ K. The l-twisted
multiplicative hypertoric variety M
(l)
χ,η is given by the GIT quotient
M(l)χ,η :=
(
Φ
(l)
K
)−1 (
ηl
)
/ χ(l) K
(l)
Here, the character χ(l) of K(l) is defined by χ(l) (Frl(k)) = χ
(
kl
)
. As with the usual hypertoric
variety, we can describe this l-twisted variety as
M(l)χ,η = Proj
⊕
m≥0
(
O
(
X(l)
)
/
(
Φ
(l)
q,K − η
l
))(χ(l))m
The commutative diagram
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O
(
K(l)
)
O (K)
O
(
(T ∗An)(l),◦
)
O ((T ∗An)◦)
induces a finite map of K-schemes Frl : Mχ,η −→M
(l)
χ,η.
5.2 The Azumaya algebra A χq,η on M
(l)
χ,η
We have shown that D◦q is an Azumaya algebra over its centre Zl,∆l and thus defines a locally
free coherent sheaf over Spec
(
Zl,∆l
)
∼= T ∗An,(l),◦. By taking a quantum Hamiltonian reduction
of this algebra, we can construct an Azumaya algebra on the l-twisted multiplicative hypertoric
variety M
(l)
χ,η. Let (K,χ, η) be a triple as before and let X := Φ
−1
K (η), an affine variety, with
algebra of functions O (X) = k [xi, ∂i] /k [xi, ∂i] (Φ
#
K − η). Let X
ss be the semi-stable locus with
respect to the character χ. We thus have that X(l) = Φ−1
K(l)
(
ηl
)
and that (Xss)(l) = (X(l))χ
(l)−ss.
Denote by ̟ : Xss → Mχ,η the geometric quotient morphism whose fibers are closed K-orbits.
From this, we obtain the geometric quotient morphism ̟(l) : (Xss)(l) → M
(l)
χ,η with fibers as
closed K(l)-orbits. We make the following definition
Definition 5.2. The sheaf of q-difference operators on M
(l)
χ,η is given by
A
χ
q,η := ̟
(l)
∗
(
D
◦
q (A
n) /D◦q (A
n) (Φq,K − η)|(Xss)(l)
)K
(2)
Note that D◦q (A
n) /D◦q (A
n) (Φq,K−η) is an O
(
X(l)
)
-module and hence a coherent sheaf on X(l).
As a sheaf on M
(l)
χ,η therefore, A
χ
q,η has sections
Γ
(
U,A χq,η
)
= Γ
(
[̟(l)]−1 (U) ,D◦q (A
n) /D◦q (A
n) (Φq,K − η)
)K
for U ⊂M
(l)
χ,η open. Moreover, we have the following
Proposition 5.3. A χq,η is a sheaf of algebras on M
(l)
χ,η
Proof. From the definition of M
(l)
χ,η, one can see that it has an open affine cover by sets of the
form
Us := Spec
(
O
(
X(l)
) [
s−1
]K(l))
for s ∈ O
(
X(l)
)(χ(l))n
for n > 0. Choosing such an s and a lift of it s˜ ∈ Zl,∆l , we can compute
the sections on Us as follows
Γ
(
Us,A
χ
q,η
)
= Γ
(
Spec
(
O
(
X(l)
) [
s−1
])
,D◦q
)K
=
(
D◦q ⊗O(X(l)) O
(
X(l)
) [
s−1
])K
∼=
(
D◦q [s˜
−1]/D◦q [s˜
−1] (Φs − η)
)K
Here, we are again considering D◦q as a locally free coherent sheaf on X
(l) and Φs is the map
O (K)
Φq,K
−→ D◦q → D
◦
q [s
−1]
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These sections thus have an algebra structure, from the general fact that a Hamiltonian reduction
of an associative algebra inherits its algebra structure. As in Proposition 2.8 where the affine
charts have non-empty intersection, this is given by Ur ∩ Us = Urs and the algebra structures
agree when restricted to these intersections. Hence, these structures glue to give a sheaf of alge-
bras on M
(l)
χ,η.
The sheaf A χq,η possesses the following important property
Proposition 5.4. There is an isomorphism A χq,η ∼= (Frl)∗OMχ,η as coherent OM(l)χ,η
-modules.
Proof. Consider the following commutative diagram
Xss Mχ,η
(Xss)(l) M
(l)
χ,η
̟
Frl Frl
̟(l)
where the top and bottom arrows are principal K- and K(l)-bundles respectively. Recall that
O
(
X(l)
)
= Zl/Zl ·
(
Φ#
K(l)
− ηl
)
, and note that D◦q /D
◦
q · (Φq,K − η) is isomorphic to (Frl)∗O (X)
as both O
(
X(l)
)
-modules and as K-modules. Now, given that OMχ,η = ̟∗ (O (X) |Xss)
K , the
commutativity of the diagram gives isomorphisms of O
M
(l)
χ,η
-modules:
A
χ
q,η = ̟
(l)
∗
(
D
◦
q (A
n) /D◦q (A
n) (Φq,K − η)|(Xss)(l)
)K
∼= ̟
(l)
∗
(
(Frl)∗O (X) |(Xss)(l)
)K
∼= (Frl)∗̟∗ (O (X) |Xss)
K
= (Frl)∗ OMχ,η
Remark 5.5. The previous proposition says that A χq,η is a deformation of the l-twisted mul-
tiplicative hypertoric variety. In essentially following from the definitions, our proof is another
illustration of how working with abelian groups significantly simplifies the situation. Proving
an analogous result for non-abelian reductive groups would be considerably more involved as
there is no counterpart of the initial isomorphism of X∗(K)-graded modules above. The positive
characteristic analogue of this result for non-abelian groups, discussed and proved in 4.2 and 4.3
of [BFG], requires the formation of a Rees algebra version RAχ of their Hamiltonian reduction
sheaf Aχ. This is a deformation defined over A
1 ×M(1), flat in the A1-factor, and such that
RAχ|{0}×M(1)
∼= Fr∗OM and RAχ|{1}×M(1)
∼= Aχ. They thus obtain that Fr∗OM and Aχ rep-
resent the same class in the Grothendieck group. It is expected that adopting their approach
should yield the appropriate analogue of Proposition 5.4 for non-abelian groups in our setting.
The rest of this section is devoted to proving
Theorem 5.6. Suppose M
(l)
χ,η is smooth. Then A
χ
q,η is a sheaf of Azumaya algebras on M
(l)
χ,η.
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Consider the short exact sequence of groups
1 −→ Kl −→ K
Frl−→ K(l) −→ 1
where Kl ∼= (Z/lZ)
d. We will demonstrate that A χq,η is Azumaya by using the basic phenomenon,
highlighted in [BFG], that a quantum Hamiltonian reduction with respect to K, as appears in
the definition of A χq,η, can also be achieved in two stages, first as a reduction with respect to Kl
and then via a reduction with respect to K(l) ∼= K/Kl. One can then reduce the question of
A
χ
q,η being Azumaya to that of the algebra arising from the Kl-reduction being Azumaya. We
will now describe this two-stage reduction.
Recall that for η ∈ K we can form the ideal Iη E O (K) generated by the elements {uj − ηj}1≤j≤d.
Consider now the ideal I
(l)
η := Iη∩O
(
K(l)
)
. Setting oη (K) := O (K) /O (K) · I
(l)
η , we have a short
exact sequence
0 −→ O (K) · I(l)η −→ O (K)
r
−→ oη (K) −→ 0 (3)
Denote by D◦q,η := D
◦
q /D
◦
q · Φq,K(I
(l)
η ) which is just the sheaf D◦q restricted to the closed affine
subvariety X(l). Given the short exact sequence 3 the quantum moment map Φq,K : O (K)→ D
◦
q
descends to a Kl-equivariant algebra homomorphim ΦKl : oη (K) → D
◦
q,η. Let iη := r (Iη) ⊂
oη (K). We can now form the Hamiltonian reduction with respect to the Kl-action, to obtain
Eη :=
(
D
◦
q,η/D
◦
q,η · ΦKl (iη)
)Kl
This is a sheaf of algebras on X(l) which, given that we have restricted to Kl-invariants, has a
K(l)-equivariant structure. We have the following version of Lemma 3.6.4. from [BFG]:
Proposition 5.7. There is a canonical algebra isomorphism
Γ
(
T ∗An,(l),D◦q /D
◦
q · Φq,K (Iη)
)K
∼= Γ (X,Eη)
K(l)
Proof. Observe that there is an isomorphism between
D
◦
q · Φq,K (Iη) /D
◦
q · Φq,K
(
I(l)η
)
∼= D◦q,η · ΦKl (iη)
and so we have that
D
◦
q /D
◦
q · Φq,K (Iη)
∼= D◦q,η/D
◦
q,η · ΦKl (iη)
Taking Kl-invariants thus gives (
D
◦
q /D
◦
q · Φq,K (Iη)
)Kl ∼= Eη
Hence, we have that
Γ
(
T ∗An,(l),D◦q /D
◦
q · Φq,K (Iη)
)K
∼= Γ
(
T ∗An,(l),
(
D
◦
q /D
◦
q · Φq,K (Iη)
)Kl)K(l)
∼= Γ
(
T ∗An,(l),Eη
)K(l)
∼= Γ (X,Eη)
K(l)
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From the above computation, we can see that A χq,η ∼= ̟
(l)
∗
(
Eη|(Xss)(l)
)K(l)
. Proposition 5.4 im-
plies that A χq,η is locally free as an OM(l)χ,η
-module.
Since ̟(l) : (Xss)(l) → M
(l)
χ,η is a geometric quotient morphism, we have an isomorphism
[̟(l)]∗A χq,η ∼= Eη|(Xss)(l) , and thus Eη|(Xss)(l) is also locally free. Let x ∈ (X
ss)(l) and let
x = ̟(l) (x). From the isomorphism above, there is an algebra isomorphism of fibers Ex ∼= Ax.
Thus, in order to prove that A χq,η is an Azumaya algebra, it suffices to show that the fiber Ex is
a matrix algebra for all x ∈ (Xss)(l).
We know that Dq is generically Azumaya on T
∗An,(l), so there is a finite dimensional vector space
V such that D◦q,x
∼= EndkV for x ∈ (X
ss)(l). By definition, we have
Ex =
(
D
◦
q,x/D
◦
q,x · iη
)Kl ∼= (EndkV/EndkV · iη)Kl
To finish the proof, it suffices to show that
(EndkV/EndkV · iη)
Kl ∼= Endk (Vη)
where Vη := {x ∈ V |uj (x) = ηj (x) , 1 ≤ j ≤ d} is the η-weight space of V .
For ease of notation, let D := D◦q,x
∼= EndkV and let Dη := (D/D · iη)
Kl , its quantum Hamiltonian
reduction with respect to η ∈ K and the Kl-equivariant map ΦKl : oη (K) → Dq,η. The action
of D on V descends to a well-defined Dη-action on Vη. In addition, there is a right Dη-action on
D/D · iη . We have the following
Lemma 5.8. The restriction map res : EndkV → Homk (Vη, V ) induces an isomorphism of
D− Dη-bimodules
D/D · iη
∼
−→ Homk (Vη, V )
Proof. There is a correspondence between vector subspaces U ⊂ V and left ideals J ⊳ D as
follows: to a subspace U ⊂ V let JU be the left ideal given by {f ∈ EndkV |f |U = 0}; to any
left ideal J ⊳ D, one has that J = JU where U is the subspace U =
⋂
f∈J ker f . If we apply
this correspondence to J = D · iη, we have that J = JU where U =
⋂
x∈iη
ker ΦKl (x) which,
by definition, is the weight space Vη. Hence, we have that D · iη = Homk (V/Vη, V ) and so
D/D · iη ∼= Homk (Vη, V ).
Given this isomorphism, we can now show
Lemma 5.9. There are isomorphisms of algebras
Dη
res
∼
−→ EndD (Homk (Vη, V ))
opp ∼←− EndkVη
Proof. Let u ∈ D be such that u (mod (D · iη)) ∈ Dη. The map
u 7→ (fu : D/D · iη → D/D · iη)
where fu denotes right multiplication by u, induces an algebra isomorphism Dη → (EndD (D/D · iη))
opp.
Combining this with Lemma 5.8 we obtain the first isomorphism above. The second isomorphism
is given by the map
EndkVη → EndD (Homk (Vη, V ))
opp
defined by f 7→ (g 7→ g ◦ f).
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Combining these two lemmas we have that Ex is a matrix algebra and hence, that A
χ
q,η is an
Azumaya algebra on M
(l)
χ,η.
5.3 Azumaya splitting on fibers
Having constructed an Azumaya algebra A χq,η, on the l-twisted hypertoric variety M
(l)
χ,η, we will
now study its splitting behaviour. Recall that an Azumaya algebra A on a scheme X is called
split if there is a vector bundle V on X and an OX-module isomorphism A ∼= E ndOX (V ). We
will demonstrate that A χq,η splits when restricted to the fibers of the resolution map
Ψ : M(l)χ,η −→ Φ
−1
K(l)
(
ηl
)
/K(l)
and the moment map
ΦH(l) : M
(l)
χ,η −→ H
(l)
To do this, we adapt the approach used in [Sta1] in which, working over a field of prime char-
acteristic, an e´tale cover of the Frobenius twisted hypertoric variety is constructed, splitting the
analogue of our sheaf A χq,η. That this gives a splitting of the Azumaya algebra on fibers of the
resolution map is implicit in [Sta1] - a fact which, together with its adaptation to our present
setting, was outlined to me in correspondence with Iordan Ganev, and appears in his preprint
[Ga]. We begin with
Definition 5.10. Let A be an Azumaya algebra on a scheme Y . An e´tale splitting of A is a
morphism of schemes f : X → Y such that f∗A is split on X.
Denote by R := Zl,∆l [{αi}] the commutative, though non-central, sub-algebra of D
◦
q , obtained
by adjoining the Euler operators to Zl,∆l . We have the following result which points towards
what we expect to be the case for the Hamiltonian reduction sheaf. It can be proved in a similar
manner to the analogous theorem 3.2.5 in [Sta1].
Proposition 5.11. The covering map f : T ∗An,(l),◦×T (l) T → T
∗An,(l),◦ induced by the inclusion
Zl,∆l →֒ R is an e´tale splitting of D
◦
q .
Remark 5.12. The key observation in [Sta1] is that the Euler operators
{xi∂i|1 ≤ i ≤ n} ⊂ D (A
n)
satisfy the Artin-Schreier equation - that is, (xi∂i)
p−xi∂i−x
p
i ∂
p
i = 0 - with coefficients in OT ∗An,(l) .
This allows the T -equivariant e´tale splitting cover - analogous to that in Proposition 5.11 -
constructed therein to descend to such a cover of the Frobenius twisted hypertoric variety. This
property, and hence such an e´tale cover, does not have an analogue for non-abelian reductive
groups.
The role of the Artin-Schreier map in our context is played by the lth power map Frl and we
have, from Lemma 4.4, that the αi’s satisfy α
l
i = (1 + xi∂i)
l = 1+xli∂
l
i. As such, we can similarly
construct an e´tale cover of M
(l)
χ,η, splitting A
χ
q,η and inducing, via Lemma 4.2, splittings of its
restriction to the maps mentioned at the beginning of this section.
Definition 5.13. Define Yχ,η := M
(l)
χ,η ×H(l) H.
The factor product Yχ,η fits into the Cartesian square
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Yχ,η M
(l)
χ,η
H H(l)
fY
ΦR,H ΦH(l)
Frl
and we see immediately that the covering map fY is e´tale of degree l
n−d. Denote by ΦR,K :
Spec (R) → K the composition Spec (R)
ΦR,T
→ T
φt
→ K and let Y := Φ−1R,K (η). We observe the
following:
Proposition 5.14. The GIT quotient Y / χ(l) K
(l) is isomorphic to Yχ,η.
Proof. Restricting the map induced by the injection Zl,∆l →֒ R gives a map f : Y → X
(l). We
have the following explicit descriptions of the global sections of these spaces:
O
(
X(l)
)
∼= Zl,∆l/
(
Φ#
K(l)
− ηl
)
and
O (Y ) ∼= O
(
X(l)
) [{
T±i
}]
/
(
T li − α
l
i,
n∏
i=1
T
aij
i − ηj
)
(4)
From these formulae, we can readily see that Y ∼= X(l)×H(l) H with respect to the group-valued
moment maps Y → H and X(l) → H(l). To complete the proof, let s ∈ O
(
X(l)
)(χ(l))n
for some
n > 0. Note that, as the K(l)-action on Spec (R) is induced by that on Spec (Zl), there is a
surjection Y / χ(l) K
(l) −→M
(l)
χ,η given locally by
Spec
(
O (Y )
[
s−1
]K(l))
−→ Spec
(
O
(
X(l)
) [
s−1
]K(l))
Again, by the explicit formulae for the global sections algebras given above, we are done.
Let̟Y : Y
ss → Yχ,η denote the quotient map and define a sheaf on Yχ,η by Dq,Y := ̟Y ∗
(
D◦q |Y ss
)K
.
Lemma 5.15. The sheaf Dq,Y is locally free on Yχ,η.
Proof. Since Dq,Y is a coherent sheaf on a scheme of finite type over K, it suffices to show that
the dimension of the fiber of Dq,Y is equal at all closed points of Yχ,η. Let p ∈ Yχ,η be a closed
point lying under p′ ∈ Y ss. Since M
(l)
χ,η is smooth, K(l) acts freely on the orbit of p′ in Y ss. One
can identify the fiber (Dq,Y )p with (D
◦
q ⊗R k(p
′))Kl , the Kl-invariant sections of the fiber of D
◦
q
over p′. One can then show that the latter space is of dimension ln−d over k.
The main result of this section is the following:
Theorem 5.16. The map fY : Yχ,η → M
(l)
χ,η is an e´tale splitting of the Azumaya algebra A
χ
q,η
via an isomorphism (fY )
∗A
χ
q,η
∼
−→ E ndYχ,η
(
Dq,Y
)
.
23
Proof. We use the GIT description from Proposition 5.14.
We construct a map (fY )
∗A
χ
q,η −→ E ndYχ,η
(
Dq,Y
)
as follows. Let s ∈ O
(
X(l)
)(χ(l))n
and set
Us = Spec
(
O
(
X(l)
) [
s−1
]K(l))
and
Vs = Spec
(
O (Y )
[
s−1
]K(l))
From the previous proposition, we have that Yχ,η is covered by open affine sets of the form Vs and
that f−1
Y
(Us) = Vs. From the isomorphism of O(X
(l))-algebras, D◦q /(Φq,K − η)
∼= D◦q ⊗R O(Y )
we can form an isomorphism of O(Us)-algebras(
D
◦
q /(Φq,K − η)⊗O(X(l)) O(X
(l))
[
s−1
])K
∼=
(
D
◦
q ⊗R O(Y )
[
s−1
])K
and hence a map of O(Us)-algebras(
D
◦
q /(Φq,K − η)⊗O(X(l)) O(X
(l))
[
s−1
])K
−→ EndO(Vs)
(
D
◦
q ⊗R O(Y )
[
s−1
]K)
Finally, tensoring by O(Vs) gives a map of O(Vs)-algebras(
D
◦
q /(Φq,K − η)⊗O(X(l)) O(X
(l))
[
s−1
])K
⊗O(Us) O(Vs) −→ EndO(Vs)
(
D
◦
q ⊗R O(Y )
[
s−1
]K)
Since fY is surjective, fY (Vs) = Us. Recalling the definition of A
χ
q,η, the source of the above map
gives sections of the sheaf (fY )
∗A
χ
q,η over Vs. The target of the map describes sections of the
sheaf E ndYχ,η
(
Dq,Y
)
over Vs. This map is compatible with gluing along members of the affine
cover of Yχ,η, and hence we obtain a morphism of sheaves on Yχ,η.
It remains to show that this map is an isomorphism and, since we are mapping between locally
free coherent sheaves, we can do this locally. Again, let p′ ∈ Y ss be a closed point lying over
p ∈ Yχ,η. The map induced on fibers by the map above is (D
◦
q,p)
Kl → Endk((D
◦
q,p′)
Kl), which
one can show is an isomorphism.
Proposition 5.17. The e´tale cover fY : Yχ,η →M
(l)
χ,η fits into the Cartesian square:
Yχ,η M
(l)
χ,η
Yχ,η,aff Φ
−1
K(l)
(
ηl
)
/K(l)
fY
Ψ
faff
Proof. Given the GIT description of Yχ,η, the proof is similar to that of Proposition 5.14. Once
again, from equation 4, we can see that Y ∼= X(l) ×X(l)/K(l) Y/K
(l) and, locally, we have the
Cartesian square:
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Spec
(
O (Y )
[
s−1
]K(l))
Spec
(
O
(
X(l)
) [
s−1
]K(l))
Spec
(
O (Y )K
(l)
)
Spec
(
O
(
X(l)
)K(l))
fY ,s
fY ,aff
and so we are done.
Remark 5.18. Similar to [Sta1], we can fit the e´tale cover into the above Cartesian square
because the functions on Y are obtained by adjoining K(l)-invariant elements satisfying the
equation T li − (1 + x
l
i∂
l
i) = 0 to functions on X
(l). As such, the Cartesian property is preserved
through the GIT reduction.
Finally, via Lemma 4.2, we have the following:
Corollary 5.19. The Azumaya algebra A χq,η splits on the fibers of the moment map ΦH(l) :
M
(l)
χ,η −→ H(l) and the resolution Ψ : M
(l)
χ,η −→ Φ
−1
K(l)
(
ηl
)
/K(l).
Standard Morita Theory arguments then give the following:
Corollary 5.20. Let ζ ∈ Φ−1
K(l)
(
ηl
)
/K(l) and h ∈ H(l). There are equivalences of abelian
categories
A
χ
q,η|Ψ−1(ζ) −mod ≃ OΨ−1(ζ) −mod and A
χ
q,η|Φ−1
H(l)
(h) −mod ≃ OΦ−1
H(l)
(h) −mod
of coherent sheaves.
6 Localization for Quantum Hypertoric Varieties
In [BeKu], the authors describe amicrolocalization for central reductions of hypertoric enveloping
algebras - that is, an equivalence of abelian categories between the category of finitely generated
modules for the algebras introduced in section 2.4 and the category of coherent sheaves of W -
algebras on a hypertoric variety. In our setting we cannot obtain an equivalence at the level
of abelian categories, however, as in [BMR] and [BFG], treating the cases of Lie algebras and
Cherednik algebras in positive characteristic respectively, and [BK2] considering the case of
quantum groups at roots of unity, we can obtain an equivalence of derived categories. In fact,
the result we present here is a formal consequence of the techniques developed for proving such
equivalences in [BeKa] and [BMR], and so we present only an outline of the proof, directing the
reader to the relevant sections of those papers for a full exposition.
Assume henceforth that M
(l)
χ,η is smooth and let Uq,η := Γ
(
M
(l)
χ,η,A
χ
q,η
)
. Assume further that the
affinization map Φ : Mχ,η → Φ
−1
K (η) /K is birational. Since M
(l)
χ,η is a finite-dimensional smooth
variety Γ : A χq,η -mod → Uq,η -mod has finite homological dimension, and so the derived functor
RΓ induces a map of the respective bounded derived categories. Denote by Loc : Uq,η -mod →
A
χ
q,η -mod the left adjoint functor to Γ given by
M 7→ A χq,η ⊗Uq,η M
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where M denotes the constant sheaf with stalk M , and let
L : Db (Uq,η -mod)→ D
(
A
χ
q,η -mod
)
be its left derived functor.
Proposition 6.1. The sheaf A χq,η has no higher global sections.
Proof. Note that, since the affinization map Ψ : Mχ,η → Φ
−1
K (η) /K is birational, the relative
Grauert-Riemenschneider Theorem gives that RiΨ∗ωMχ,η = 0 for i > 0 and, since Mχ,η is a
symplectic variety, ωMχ,η
∼= OMχ,η . We have the following sequence of isomorphisms of complexes
of coherent sheaves of O
M
(l)
χ,η
-modules:
RΓ
(
M(l)χ,η,A
χ
q,η
) Prop. 5.4
∼= RΓ
(
M(l)χ,η, (Frl)∗OMχ,η
)
∼= RΓ
(
Mχ,η,OMχ,η
)
∼= RΓ
(
Φ−1K (η) /K,Ψ∗OMχ,η
)
∼= Γ
(
Φ−1K (η) /K,Ψ∗OMχ,η
)
∼= Γ
(
Mχ,η,OMχ,η
)
∼= Γ
(
M(l)χ,η, (Frl)∗OM(l)χ,η
)
∼= Γ
(
M(l)χ,η,A
χ
q,η
)
Remark 6.2. Here, we have assumed that we have chosen GIT parameters for which the affiniza-
tion map Φ is birational and for which Mχ,η is smooth and, therefore, such that Φ is a sym-
plectic resolution. In the additive setting, Bellamy and Kuwabara showed that the categorical
quotientM1,0 is of dimension 2 (n− d) and is Cohen-Macaulay and that, for stability parameter
χ ∈ X∗Q (K) := X
∗ (K) ⊗Z Q lying in a maximal cone of the GIT fan, if the Z-valued matrix
encoding the action of K on T ∗An is unimodular, then the affinization map f :Mχ,0 →M1,0 is
birational (see Proposition 4.6 and Lemma 4.9 of [BeKu]). It is hoped that a similar argument
to theirs can be applied in the multiplicative setting.
The context in which we have been working fits into an important paradigm in geometric repre-
sentation theory by which, given an Azumaya algebra on a Calabi-Yau variety, one can obtain
a derived equivalence between categories of coherent sheaves of modules over the Azumaya al-
gebra and finitely generated modules over its global sections algebra. This formalism, involving
a relative notion of Serre duality and Calabi-Yau triangulated category, is detailed in [BeKa],
[BMR], and [BMR2]. We now give a summary of these ideas before applying it to our situation.
Let O be a finite type commutative algebra over K and letD be an O-linear triangulated category.
We say that D is an O-triangulated category if there is a functor RHomD/O : D
op × D →
Db
(
modfg (O)
)
and a functorial isomorphism HomD (X,Y ) ∼= H
0
(
RHomD/O (X,Y )
)
. An O-
Serre functor on D is an auto-equivalence S : D → D such that
DO
(
HomD/O (X,Y )
)
∼= RHomD/O (Y, SX)
where DO is Grothendieck-Serre daulity for O-modules. An O-Calabi-Yau category is one for
which the shift functor X → X [n] is an O-Serre functor for some n ∈ Z.
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The importance of Azumaya algebras is borne out by the following (Lemma 2.7 [BeKa]):
Theorem 6.3. Let F : C → D be a triangulated functor. Suppose that:
1. F has a left adjoint G such that id→ F ◦G is an isomorphism.
2. C is indecomposable in that it cannot be written as C = C1 ⊕C2 for non-zero triangulated
categories C1 and C2.
3. C is an O-Calabi-Yau category for some finite-type, commutative algebra O
then F is an equivalence of categories.
From [BMR] Lemma 3.5.3 we have the following:
Proposition 6.4. Let A be an Azumaya algebra over a connected, quasi-projective scheme Y
over a field K. The category Db (A −mod) is indecomposable.
and from [BMR2] Lemma 1.8.1. b.) we have:
Proposition 6.5. Let O be a finite-type commutative K-algebra. Let Y be a K-variety with
a projective morphism Ψ : Y → Spec (O). Then Db (O −mod) is an O-triangulated category
by RHomD/O (F ,G ) := RΨ∗RHom(F ,G ). If Y is smooth and quasi-projective, then for an
Azumaya algebra A on Y , Db (A −mod) is an O- triangulated category. The functor F →
F ⊗ ωY [dimY ] is an O-Serre functor. If Y is a Calabi-Yau variety then the O-triangulated
category Db (A −mod) is Calabi-Yau.
Remark 6.6. The key feature of Azumaya algebras which makes the proof of the above proposi-
tion relatively straightforward is that, after an e´tale base change, the Azumaya algebra is globally
a matrix algebra and, therefore, has a trace form. This trace form descends to the Azumaya
algebra over the original base. This allows one to define a non-degenerate pairing of Hom spaces
which in turn provides isomorphisms
RHomA (G ,F ) ∼= RHomOY (RHomA (F ,G ) ,OY )
for any F ,G ∈ Db (A −mod) (see also [BMR2] Lemma 1.8.1. c.)).
Taking Y to beM
(l)
χ,λ and Ψ : M
(l)
χ,λ → Φ
−1
K(l)
(
ηl
)
/K(l) to be the affinization morphism, and given
that M
(l)
χ,λ is a smooth symplectic variety and hence Calabi-Yau, we have:
Theorem 6.7. If the functor Loc has finite homological dimension, the functors L and RΓ give
inverse equivalences of bounded derived categories
Db (A χq,η -mod) Db (Uq,η -mod)
RΓ
L
Remark 6.8. Throughout, we have restricted ourselves to parameters for which M
(l)
χ,η is smooth
and hence such that the global sections functor has finite homological dimension. This is true
generically, though it remains to provide an explicit characterization of this space of parameters.
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The algebra Uq,η is a central reduction of a multiplicative q-deformed version of the hypertoric
enveloping algebra at the character η. Classically, for certain parameters, there are isomorphisms
between these Hamiltonian reduction algebras and familiar algebras of representation theoretic
interest. As described in section 6 of [BeKu], in the additive setting, if we take K to be an
(n− 1)-torus whose embedding into T is given by the (n− 1)× n matrix:
1 0 . . . 0 −1
0 1
... −1
...
. . . 0
...
0 . . . 0 1 −1

then, for χ ∈ X∗ (k) generic, away from certain GIT walls, Uq,η is the spherical subalgebra of the
rational Cherednik algebra associated to a cyclic group, which is generically Morita equivalent
to the Cherednik algebra itself. The associated hypertoric variety is toric, and is a minimal
resolution of the type A Kleinian singularity K2/ (Z/nZ). This can be described as the quiver
variety associated to a cyclic quiver with n vertices and dimension vector dv = 1 for all vertices
v. In our setting, we obtain a q-deformed multiplicative version of this Cherednik algebra, whose
representation theory we expect to be analogous to that of its positive characteristic cousin, as
fully computed in [La].
Remark 6.9. In the case where M
(l)
χ,η is a minimal resolution of a type A Kleinian singularity,
one could prove a version of the Azumaya splitting on fibers of the resolution from Corollary 5.19,
analogous to the proof given for the Hilbert-Chow map in Theorem 7.4.1. of [BFG], based on
results in [BeKa]. This provides an Azumaya splitting on formal neighbourhoods of the fibers of
the resolution, Ψ̂−1 (ζ). Combining the resulting equivalence of abelian categories
A
χ
q,η|Ψ̂−1(ζ) −mod ≃ OΨ̂−1(ζ) −mod
from Corollary 5.20 with the derived localization, one obtains an equivalence of bounded derived
categories
Db
(
O
Ψ̂−1(ζ)
−mod
)
≃ Db
(
Ûη,ζ −mod
)
of O-modules on these formal neighbourhoods, and finitely generated modules for Ûη,ζ , the
completion of Uq,η at the maximal ideal mζ of the l-centre, corresponding to the point ζ ∈[
k2/ (Z/nZ)
](l)
. As such, one obtains an algebro-geometric description of the representation
theory which can be fruitfully exploited in both directions.
It is hoped that one can extend the Azumaya splitting obtained in the previous section to formal
neighbourhoods of fibers of the resolution map Ψ : M
(l)
χ,η −→ Φ
−1
K(l)
(
ηl
)
/K(l), and hence be able
to combine the resulting abelian equivalence with the derived localization to obtain a descrip-
tion of module categories related to Uq,η −mod in terms of the geometry of M
(l)
χ,η.3 While such
an equivalence would generalize that which is obtained using the methods described above for
Cherednik algebras and resolutions of Kleinian singularities, we of course do not have as con-
crete a description of the global sections algebra or of the geometry in this more general setting.
Obtaining a more explicit description of these objects, in order to gain a finer understanding of
the derived equivalence, will be one focus of future work.
3Such an extension to formal neighbourhoods of fibers or, alternatively, to derived fibers is necessary since the
resolution map is not flat.
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